A domain decomposition scheme linking linearized kinetic and aerodynamic equations is considered. Convergence of the alternating scheme is shown. Moreover the physical correctness of the obtained coupled solutions is discussed.
Introduction
Domain decomposition methods date back until 1869 when Schwarz proved the convergence of his alternating method for elliptic equations 12] . A systematic investigation of the convergence properties of this method was done by Lions in a series of papers 10] for various linear and nonlinear elliptic equations.
Recently domain decomposition problems involving kinetic and aerodynamic equations have become of considerable interest e.g. in space ight problems. According to di erent heights of the space vehicle during the reentry di erent equations have to be solved in di erent subdomains of the computational domain. The kinetic equation involved here is usually the Boltzmann equation. It must be solved in low density regions and inside of shock-and kinetic-boundary-layers. In high density regions outside of shock and boundary layers the aerodynamic equation should be used. This is mainly due to the large computation times needed for the numerical solution of the Boltzmann equation if the mean free path is small, i.e. in high density regions. Apart from the determination of the subdomains which allow an aerodynamic modelling and of those where a Boltzmann simulation is required, there is one major problem: The coupling of the solution procedures for the kinetic equation on the one and the aerodynamic equation on the other subdomain. When the coupling conditions are de ned the domain decomposition problem is usually solved by an iterative procedure solving in turn the kinetic and aerodynamic equations in their respective subdomains. This is a generalization of the above mentioned Schwarzmethod. We roughly sketch the scheme which is up to now the only one being used in numerical calculations, see e.g. Bourgat et al. 3] or Lukschin et al. 11] . Nevertheless there are some more re ned approaches to get the correct coupling conditions, see Golse 5 ], Illner and Neunzert 7], Klar 8] .
Partial overlapping is allowed and sometimes even necessary. At the inner boundaries 1 ; 2 coupling conditions are de ned. At the outer boundaries 1 ; 2 the usual boundary conditions for the respective equations are used.
We start with a solution of the time dependent aerodynamic equation on D 2 . The boundary condition for the time dependent kinetic equation is then obtained by using a Maxwellian distribution with the macroscopic parameters obtained in D 2 as ingoing boundary distribution for the domain D 1 at the boundary 1 . In turn by the solution on D 1 we get the macroscopic boundary conditions at 2 by simply taking the moments of the Boltzmann distribution as boundary conditions for the macroscopic equation. In analogy to the Marshak method used in transport theory one can also use equality of the uxes to determine the macroscopic quantities at the boundary 2 . This procedure has to be repeated until we get nally a coupled solution.
Here the linearized versions of the above equations are considered and the convergence of the iterative scheme is proven: In section 2 we describe the equations and the domain decomposition scheme. In section 3 we prove convergence of the above scheme for a linearized Boltzmann equation in D 1 and a linearized aerodynamic equation in D 2 .
In section 4 we will investigate how far the coupled solution obtained in 3 can be considered as physically correct. It will turn out that in certain situations the overlapping of the domains is crucial. In the last section we present a numerical simulation coupling two simple kinetic and aerodynamic equations for di erent mean free paths.
The Domain Decomposition Scheme
In this section we describe the alternating scheme. To simplify, a 1-dimensional geometry, 
where ' = '(x; v; t); v = (v 1 ; : : : ; v N ) 2 S R N ; N = 1; 2; 3; t 2 0; 1). We impose the following conditions on and K:
For all ' 2 L 1 (S) we have kK'k 1 kk'k 1 .
Let now M be the number of linear independent collision invariant, i.e. the number of 
Before starting the convergence proof we look at the coupling problem described in section 2 and at the kinetic and aerodynamic equations with xed boundary values, i.e. equation Proof:
In the hyperbolic case with B = B 11 , as well as in the parabolic case with B = B 22 = 0, the lemma can be proven by using the diagonal form of B = B 11 respectively A = A 0 and solving the equations explicitely.
In the parabolic case with B 6 = 0 we can treat the system as a small perturbation of the one with B = 0 if s is large. Using the fact that all Eigenvalues of A are distinct the lemma can be proven in this case as well.
In the third step of the proof we return to the iteration scheme and consider the Laplace transforms' We assume the physical situation to be described by the kinetic equation ( This means that when is small the coupled solution is not close to the solution of the di usion equation in the whole domain, the coupling does not yield a physically reasonable solution. In the following we show that such a situation cannot occur for overlapping domains, i.e. x 0 6 = 0; x 0 2 (0; L). Remark: The coupling of two di usion equations requires the overlapping of domains or di erentiability conditions at the interface to ensure uniqueness of the coupled solution. In the present case however we get a unique coupled solution for either overlapping Let ' (n) be the smooth iterative solutions of (4.1) in D 1 . We have
and according to the coupling conditions ' (n) (x 0 ; v; t) = (n?1) (x 0 ; t); v 1 < 0:
We remark that f + ; g and (n?1) (x 0 ; t) are independent of v. Let (n) ;A be the solution of where the constant C is independent of n; ; x; v and t.
Proof: For boundary conditions at x 0 independent of n and the proof is classical, see e.g. Bardos et al 1] or Bensoussan et al 2]. To get the bound C independent of n and we must have a closer look at the expansion procedure leading to the di usion approximation.
By following the expansion one can see, that the constant C is determined by bounds on the values of the derivatives of (n) ;A up to second order. The uniform boundedness in n; ; x 2 D 1 and t 2 0; T] of these derivatives is shown by considering the iteration scheme and using the maximum principles for parabolic and transport equations in the respective domains in every iteration step. This will be su cient to prove the lemma. This gives the convergence result for ! 0 and also the estimate in the theorem.
Numerical Results
We calculate an example for the equations in Section 4 with di erent parameters .
The dimension N is here equal to 1, the operator K is de ned by K' = In the following gures the macroscopic quantities, i.e. In the last gure the kinetic reference solution is the same as the aerodynamic solution in the whole domain.
In all calculations the solution is shown at a time t = T so large that a stationary state has been reached.
large, but in contrast the results for 1 small become worse. So to obtain better solutions one should use a variable overlapping parameter x 0 depending on the relation of the mean free paths in the two domains. We remark that in situations with strongly contrasted Knudsen numbers not near a local equilibrium the results may di er much more. In these cases a more exact analysis is required to get the appropriate coupling conditions. This will be considered in a further publication. 
